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(Tableau 3); cependant dans l'6tude infra-rouge men6e 
parall~lement, un d6placement faible de la fr6quence 
de vibration de valence de O-H a 6t6 observ6 et la 
pr6sence de liaisons hydrog6ne importantes estainsi 
exclue. 

Conclusion 

Les 6tudes radiocristallographiques et infra-rouges 
entreprises parall6lement font apparaRre dans la s6rie 
M~Fe(CrO4)2.2H20 l'existence d'un seul motif struc- 
tural, la chaine n[Fe(CrO4)2.2H20]-, mais de sym6trie 
plus ou moins grande suivant M ~. Deux types struc- 
turaux ont 6t6 d6termin6s: le type potassium, le plus 
sym6trique, correspondant aux 616ments monovalents 
M ~ de grand rayon ionique (M ~ = K, TI, NH4) et le type 
sodium, moins sym6trique off M ~ a un petit rayon 
ioniquc (Mr= Na). Le Tableau 4 indique les caract6ris- 
tiques cristallographiques des divers compcsds dont 
nous disposons. 

Les calculs n6cessaires ~t ce travail or.t 6t6 effectu6s 
au C.I.R.C.E. (C.N.R.S.). 
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Formulas for the Cosine Seminvariants, cos (91 + q~2)* 

BY HERBERT HAUPTMAN 

Medical Foundation of Buffalo, 73 High Street, Buffalo, New York 14203, U.S.A. 

(Received 22 November 1971) 

Expressions fcr the cosines of those structure seminvariants, ~0x + ¢P2, which are linear combinations of 
two phases, are found in terms of the observed magnitudes, ]E[, of the normalized structure factors. 
These formulas have found important application in some recent crystal structure determinations. 

1. Introduction 

Explicit formulas for the cosines of single phases which 
are structure seminvariants (the so-called ~l formulas) 
were first found almost twenty years ago (Hauptman 
& Karle, 1953). Again, expressions for the cosines of 
those invariants which are linear combinations of three 
phases were obtained some fifteen years ago (Haupt- 
man & Karle, 1957; Vaughan, 1958). However, despite 
the fact that the space-group dependent linear com- 
binations of two phases which are structure semin- 
variants have been known since 1953 (Hauptman & 
Karle), explicit formulas for their cosines in terms of 
the magnitudes of the normalized structure factors 

* Presented at the Ames Meeting of the American Crys- 
tallographic Association, August 15-20, 1971; Abstract El. 

have been discovered only recently (Hauptman, 1971). 
A brief sketch of the derivation is presented here only 
for the space group P2. Analogous formulas and gene- 
ralizations in the space groups P21 and P212121 are 
merely quoted. 

2. Space group P2 

In the space group P2, ~Ohlklll'Jff~Oh2k212 is a structure 
seminvariant (or invariant) if and only if hl + h2 and 
/1 +/2 are both even and kl + k2 is zero. Only the special 
case that k~=k2=0  is considered here although the 
more general case is readily treated in the same way. 

If there are N identical atoms in the unit cell then the 
normalized structure factor Eh** is defined by means of 

, )  /712 
Ehkl = N-i~ ~ cos 2~(hx,+lz,) exp (2~ikyu) (2.1) 

t~=l 
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whence it follows that 

IEhkl 12 = 4 N/2 ~.~ ~. COS 2rc(hx~ + Iz,) COS 2rc(hxv + lzv) 
l t ,V  

× exp (2rdk(y,-y~,)]. (2.2) 

If the double sum (2.2) is decomposed into two parts, 
a simple sum, when p = v, and a residual double sum, 
when p-~ v, one obtains, after some simplification, 

1 
IE~,k, 12-1= -~i7~- E2ho2~ 

4 s/2 
+ -N ~ cos 2rc(hx. + lz.) cos 2rc(hxv + lz~) 

lt q: v 
1 

x cos 2zck(y.-y~).  (2.3) 

Multiplying (2.3) by the like equation obtained by 
replacing h by h' and l by l ' ;  decomposing the resulting 
quadruple sum into two (equal) double sums, four 
(equal) triple sums, and a residual quadruple sum; and 
finally averaging over all integers k, one finds that only 
the double sum survives the averaging process so that 
finally 

1 
(([Ehkt I 2 -  1) (IEh,k,.l 2 -  1))k= ~ E2ho21E2h,o21, 

4 N/2 
+ ~ ..~. {cos 2zr[(h + h')x. + (! + l')z.] 

1 

+ cos 2z~[(h - h')x,, + ( l -  l')z.l} 

x {cos 2zc[(h+h')x~+(l+l')z~]+cos 2rc[(h 

-h ' )xv+( l - l ' ) z~]}  . (2.4) 

After carrying out the indicated multiplication, the 
double sum in (2.4) is seen to consist of four terms each 
of the form 

4 N/2 
N---z- ~,,~ cos 2rc(h~x~,+l,z,) cos 27ffh2x,.+12zv) (2.5) 

v 

1 

and it is necessary now to evaluate this double sum in 
terms of normalized structure factors E. To this end 
write [from (2.1)] 

2 m2 
Eh,oa = -~,--7~ ~ cos 2rc(h,x u + llZ,,), (2.6) 

2 s/2 
Eh2o,z-- N,/2 ~ cos 2~r(h2x~ + lzz~) . (2.7) 

V = I  

Multiplying (2.6) and (2.7); decomposing the resulting 
double sum into a simple sum (when p=v)  and a 
residual double sum (when/.t # v); and employing (2.1) 
to replace the simple sum by its value in terms of nor- 
malized structure factors, one finally obtains 

4 m2 
~ cos 2rc(h,x, + l,z,,) cos 2rc(h2xv + 12z~) 

/t:~v 
1 

1 
=EhloIIEh2012 N1/2 Ehl+h2011+12 

1 
N, /2  Ehl--h20ll-12 , (2.8) 

the desired expression for the double sum (2.5) which 
is needed in (2.4). Substituting from (2.8) into (2.4) 
after replacing first, h,, l,, h2,/2 by h+h',  l+l ' ,  h+h',  
l+l '  respectively; second, hi, l,, h2, /2 by h+h',  l+l ' ,  
h - h ' ,  l - l '  respectively; third, h,, l,, h2, /2 by h - h ' ,  
l - l ' ,  h+h',  l+l '  respectively; and fourth, h,, l,, h2,/2 
by h - h', l -  l', h - h', l -  l '  respectively, one finds, after 
some simplification and neglecting terms of order 
1/N m, 

N 
Eh+h,Ol+t,Et,_h,Ot_,, ~-- -~ <(IE, k, 12- 1) (IE,,~,,I 2 -  1)>~ 

-½E2,,02,E2,,,02,, ' 2 --'~Eh+h,Ol+l, 

2 (2.9) --½Eh_~,0Z_l, . 

Making the substitution 

h+h'=hl ,  I+I'=1, , } (2.10) 
h-h '=h2 ,  1-1'=12, 

where hl + h2 and l ,  -t- 12 are all even, one finally obtains 
the basic formula for the cosine seminvariant 
COS ((/Th1011 "]'- (/9h2012) , 

Eh,o,iE,,2o,2 = lE~,oqEh2ol2[ c o s  (~hl0/, "~- ~h2012) 
N 

"" 2 <([E(nl+n2)/2k (1'+12)/212-- 1) 

x (IE¢,,~_~12 ,, . , _ , 2 ) / 2 1 2 -  1)>k 
_l. 2 2 -½E1u +h2ot, +12E~x-h2ol, -12- 2( EhlOl, + Eh2012) 

(2.11) 

However, the right side of (2.11) contains the term 

½Eh, + h201, + 12Ehl-h2011- 12 (2.12) 

only the magnitude of which is, in general, known. 
Since 

(h, +h2)+(h, -h2)=2h,  } (2.13) 
(Ix + I2)+(I ,-- /2)=21, 

are both even, (2.12) is itself a structure seminvariant 
and (2.11) may be employed, with h, replaced by 
(h, +h2),h2by(hx-h2), l ,  by(i, + 12), and 12 by (1,-  12) to 
yield an expression for (2.12) which however depends 
on the structure seminvariant 

E2hlO2Z,E2h2O2t2. (2.1 4) 

Hence (2.11) may be employed again to determine an 
expression for (2.14). Proceeding iteratively in this 
fashion one finally obtains the desired formula in the 
form of two rapidly converging series: 

E, uouEh20t2 = IEn,o,,E,,20,2l cos (~P,,,ot, + ~Ph20t2) 
N 

~- 2 ((lE(hi+,,2)/2 ~(n+,,.21 ~- 1) 
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x ( l& , , x - , , . / 2  ,. ( , ~ - i ~ ) / . 1 ' -  1) 

- ½(iE,,~,.xl 2 -  1) ( IE , , .m l  2 -  1) 

+¼(IE,,x+~2 ~ lt+1212- 1) (IE~,_~2 ~/,_121 ~ -  1)-- . . .  )k 

_ ½(E2toll + E22o/2) + j_ 2 2 4 ( E h l  +h2 0 lX +12"+ E h x - h 2  0 /1-12) 

-~(E2~t o 2'X "~ E2~2o 212)+ . . . ,  (2.15) 

in which ht + h2 a n d / i  +_/2 are all even. 

3. Space group P21 

The analogue of (2.15) in the space group P21 is, 
surprisingly enough, simply 

EhlollEh2012 = [En~o/x&2o,2l cos (¢htolt + ¢h2012) 

N 
- 2 ( ( -  1)~ (IE(hl+h2)12 k (lX+12)/2] 2 -  1) 

X (IEthx_~2)/2 ~ (1x_12)/212- 1)) ~, (3.1) 
in which ht + h2 and Ii +_ 12 are all even. More  generally, 
if hx _+ h2 and It +/2 are even, then 

EhikxlxE~,2"&12 = IEhtkx/xEh2kx121 COS (¢~,ttx/x + Ch2kX/2) 

N 
----- T ((- 1)~([Eo'x+h2)/2 k (/x+12)/212-1) 

x (IE(.I_,~) n kx-~ (l~- 12),'212- 1))k. (3.2) 

It should be noted that, if kt-¢ 0, then k ranges over 
the negative as well as the positive integers in (3.2) 
while in (3.1), the special case k x = 0  of (3.2), it is suf- 
ficient that  k range over only the non-negative integers. 
Finally, it should be emphasized that  (3.1) and (3.2) 
are useful in practice only if the magnitudes of the cal- 
culated cosine invariants are extremely large so that  
one may infer that  the values of certain cosines, 
COS (~)hXklll "~ Ch2k112)' are +_ 1. 

4. Space group P2~2~2a 

There is a great variety of formulas for the cosine 
invariants, cos (~0x+~o2), in the space group P2t2~21. 
Only twelve of these are listed here. If kx +_k2 and 
lx +/2 are even, 

EOkxltEo~2/2=IEoktlIEok212I COS ({OOkltx'3L~70k212) 

N l)~+c~x+k2)/2(iE " = "~ ( ( - -  (/q+k2)/2 (1t+/2):212- 1) 

x (IE~ ( , , , - , , . /2  (lX-12)/212-1))a (4.1) 

N 1)h+ "(IE~ (kX+k2)/2 (lX--12)/2l 2 1) " 2 ( ( -  (kl-k2)/2 + 

x (lEa (kX--k2)/2 (lX+12)/2[ 2 - 1 ) ) ~ .  0 .2)  

If/1 +/2 and hx + h2 are even, 

EhlolxEh2012 = ]Ehto/lea20t2[ c o s  ((PatOZl + ~7h20/2) 
N 2 ( ( -  l~k+(ll+12)/2(ll2 ~' ] kl't-'(hl+h2)/2 k (11+12)/2] 2 1) 

x ([E(~t_~2)/2 k (a-12)/2[ 2 -  1))k (4.3) 

N 2 ( ( -  lXk+( l l - t 2 ) / 2+h l r lE  " 2 -- ) u (ha-n2)/2 I, 0j+12)/2[ -- 1) 

x (lE(hl +~,2)/2 k ( h -  12)hi 2 -  1))k. (4.4) 

If ht _+ h2 and kt _+ k2 are even, 

EhlklOeh2k20 = ]Ehakl0Ehzu2o[ COS (~01uUlO + ~h2k20) 

N )t +(h1+h2)/2(iE(hl -~ ~ - ( ( -  1 +h2)/2 (kl+k2)/2 1] 2 - 1 )  

x ([E(ht- h2)/2 (kt-g2)/2. tl 2 -- 1))l (4.5) 

N )l + (hl -- h2)/2 
~- 2 ( ( -  1 +k1(lE(ha+h2)/2(kl--k2)/2 11'-- 1) 

x (IE(ht-hZ)/Z ,kx+k2)/2 ,I 2 -  1))l .  (4.6) 

Next, if/1 _+/2 are even, 

gokmEow,=lEowxEow21 cos (eowx +¢okm) 

N m_t2)/Z(lE ° 2 ( ( -  l)k+ 2 " - -  k ( q + / 2 ) / 2 l  --1) 

x(IEo k+kx m-/ . /d  z -  1))~.  (4.7) 

Ehxo.E.:,2= I E . : . & : . / c o s  (¢.1o. + ¢.xo/~) 

N /X(IEh o m+12,21 - I) ~__- T <(__ l)h+hl+ 2 

x (IEh+hx o m-/2) /212-  1)),,. (4.8) 

If hx + h2 are even, 

EhloaEh20. = I&xoaE.20.1 cos (¢~10. + ¢h20.) 

N -h2) /Z( lE h - 2 ( ( -  1)/+¢nt ~ X+h2)/2 0 II 2 -  1) 

x (lEo, x-h2)/2 o/+/x I ~ -  1))1. (4.9) 

g,,x~,togh2u.o = Ig.xkxogh2~ol cos (~,,~,,lo + ~,,2klo) 

N 1)k+ 

x (IEchl-h2)n k+kt ol 2 -  1))k. (4.10) 

If kl _ k2 are even, 

E~x~oe~lk~o = IE~oE~x~ol cos (¢~,xo + ¢~2o) 

N 1)h+ (kl_k2)/2(iE h -~ 2 ( ( -  ~k1+~2)/2 0[ 2 1) 

x (IE~+~ [kl-k2)/2 012- 1))h. (4.11) 

EowxEowx = IEow~Eow~l cos (~o~,, + ~ow,) 

N 1)l+ a -- 2 ( ( -  +kl(lEo (kl+k2)/2 /I 2 -  1) 

x( IEo ~k,-k2)n /+/xl 2 - 1 ) ) l .  (4.12) 

In addition to (4.1)-(4.12) there are the straight- 
forward generalizations [analogous to (3.2) in the 
space group P21] which the interested reader is invited 
to derive for himself. Again, the formulas given here, 

A C 28B - 3 
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and their generalizations, have practical utility primari- 
ly in the case that the magnitudes of calculated cosines 
are so large as to imply that cos (~0t + ~z)= + 1. 

5. Applications 

The formulas derived in this paper have been incorpor- 
ated into recently secured techniques of crystal struc- 
ture determination by direct methods and have played 
an important role in the solution of a number of crystal 
structures. Among these are: 
(1) 2fl, 17fl-diacetoxy-4-androsten-3-one, Cz3H3zOs, in 

the space group P2~2~2x (Duax, 1971); 
(2) valinomycin, C540~sN6Hg0, in the space group P2~ 

(Duax & Hauptman, 1971). 

I wish to thank Drs William Duax and Charles 
Weeks for helpful discussions. Dr Weeks did the com- 
puter programming, thus making possible the initial 
applications which were mostly carried out by himself 
and Dr Duax. 
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Structure Cristalline de l'Hydrochlorothiazide, C vHsCIN304Sz 

PAR L. DUPONT ET O. DIDEBERG 

Laboratoire de Cristallographie approfondie et Physique de l'Etat solide, 
Universit~ de Likge au Sart Tilman, B-4000, Likge, Belgique 

(Refu le 26 janvier 1972, revu le 14 f&,rier 1972) 

The crystal and molecular structure of hydrochlorothiazide CTH8C1N~O4S2 has been determined by 
X-ray diffraction techniques. The space group is P2~ with two molecules per unit cell of dimensions 
a = 7.419 + 0"006, b = 8.521 + 0.003, c = 10.003 + 0.002 A and fl = 111.72 °. Three-dimensional intensity 
data were collected with a Hilger four-circle diffractometer. The structure was refined by least-squares 
methods to a final R value of 0.066 for 956 observed reflexions; the average standard deviations in 
bond lengths and angles not involving hydrogen atoms are about 0.015 A and 1.0 °. The molecule, 
apart from two nitrogen and the four oxygen atoms, is planar. A short N(sp2)-C(sp 2) bond is observed 
(1-344 A), which is explained by a delocalization of the nitrogen doublet towards the benzene ring. 
There are four intermolecular N H . . . O  hydrogen bonds in the unit cell, in the range 2.88-2.94 A,. All 
other bonds are greater than the sum of the van der Waals radii. 

Introduction 

L'hydrochlorothiazide (dihydrochloro-6-sulfamoyl-7 
benzothiadiazine-l,2,4 dio×yde-l,1) est un sulfamide 
diur&ique de la s6rie de la benzothiadiazine, dont le 
type est le chlorcthiazide (Fig. 1). Ces compos6s 
agissent en inhibant un ou plusieurs des mdcanismes de 
transport qui assurent la r6absorption du sodium par 
le tube r6nal. Le chlorothiazide r&ulte de Faction de 
l'acide formique sur l'amino-3 chloro-1 benz&ae di- 
sulfonamide-4,6 ou salamid. La saturation de la 
double liaison situ6e en 3-4 accroit environ dix lois 
l'activit6 salur&ique du chlorothiazide et donne 
l'hydrochlorothiazide qui se forme 6galement par 
cyclisation du salamid avec l'ald6hyde formique. En 
greffant des radicaux vari& sur le carbone 3 de l'hydro- 
chlorothiazide, on obtient toute une s&ie de benzothia- 
diazines substitu6es ~. action diurdtique renforc6e, et 
parfois intense. On a remarqu6 que la substitution du 

groupement trifluorom&hyle b. l'atome de chlore en 
position 6 ne modifie pas sensiblement l'activit6 de la 
mol&ule (Bierbaum, Traverso & Whitehead, 1963; 
Gantt & Synek, 1961; Heinemann, Demartini & 
Laragh, 1959; Pignard, 1960). L'objet de ce trava;l est 
d'obtenir des informations sur la configuration de la 
mol&ule, principalement au voisinage de la liaison 3-4. 
Une &ude radiocristallographique prdliminaire de 
quelques thiazides a 6t6 publide (Dupont & Dideberg, 
1970). 

Experimentation 

kes cristaux d'hydrochlorothiazide ont 6.t6 obtenus 
partir d'une solution de la substance dans l'&hanol. 
Celle-ci provient des laboratoires Merck, Sharp et 
Dohme (Haarlem, Nederland). L'hydrochlorothiazide 
est aussi soluble dans l'ac&one, le m&hanol et dans 
NH3 dilu6 et sod& 

Les cristaux incolores se pr6sentent sous forme de 


